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... at a finer scale

Mesoscale simulation Windpos works on a fine mesh,
delivers wind data on a using mesoscale data as

coarse mesh — boundary conditions

Downscaling




... With a stochastic Lagrangian approach
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Lagrangian modeling
Fluid particle description as a stochastic process (X, U;)




Lagrangian approach

Farticle velocity

The Law(X,,1,) = p(r, x, u)dxdu

is a local probability density of physical
quantities (within the meaning of the
statistical approach to turbulence).

probability
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welocity

Computation of local moment fields (with the ensemble averaged notation) :
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Lagrangian modeling for turbulent flow

On a given probability space (92, F, P), consider the fluid particle state vector
(X;, Uy, ) satisfying

dX, =U,dt,

dU, = [—;V,&@)(r, X)) = G(t, X,) (U, = (% )(1,X,)) | dt

+VC(1,X,)e(t, X, )dW,,

dipy =D, (1, X, 1 )dt + Dy (1, X, 1/’:)th~

(W, W) is a 4D-Brownian motion.

> (%D (t,x), (%D D) (t,x) are computed as conditional expectations.

» ¢, C, G, Dy, D, are determined by a chosen Reynolds-averaged
Navier-Stokes closure.




Statistical approach of turbulent flows

» The Reynolds averages (or ensemble averages) are expectations :
Nt x) = / U (1, %,0)dP(w).
Q

Reynolds decomposition
U (t,x,w) = (%) (t,x) +u(t,x,w),
P(t,x,w) = (Z)(t,x) + p(t, x,w)
The random field u(z, x, w) is the turbulent part of the velocity.
P The incompressible Navier Stokes equation in R3, for the velocity field
(2™, 24?7/ 3) and the pressure 2, with constant mass density o

U + (U -NU = —EV@, t>0, xR,
0

V-%=0, t>0, x € R’
% (0,x) = U(x), x € R3.




The Reynolds-Averaged Navier-Stokes (RANS)
Equation

Assuming Reynolds decomposition, with constant mass density o, we get

3 3
o G 1
Dy + > @Dy 0) + 30, ) = 0 2),

j=1 J=1
VAU)=0,1>0, xc R
()(0,x) = (%)(x), x € R,

closed by a chosen parameterization or a model equation of the Reynolds stress
tensor ((uWa?y = (%O Dy — (g D\ (@ D) i j).




~—

Equation for the Reynolds stress ((u/uY

>7i7j)

3
8, (uPul)y + (<o;/> . Ax<u(i)u(7))> +3 0, (wu¥u®)

k=1

1 :
= —E<u(’)8x,p +u9,p) +V, (uVu)

velocity pressure gradient tensor II;

3
+ VZ (O u()(’) u(’>
k=1

dissipation tensor ¢;;
3
-3 ((u(i)u(k)>6xk<%(i)> + wPu®)ya, <q/(i)>)

k=1

turbulence production tensor P;;




Alternative viewpoint to compute the Reynolds stress

Let pg(z,x; V) be the probability density function of the (Eulerian) random field
% (t,x), then

@O)(tx) = [ VOpeltxviav.

R3

@ OU0) 1) = [ VOV (e viav.
]R3

The closure problem is reported on the PDE satisfied by the probability density
function pg.

In his seminal work, Stephen B. Pope proposes to model the PDF pg with a
Lagrangian description of the flow,

or equivalently with the Lagrangian probability density function.
> This is the so-called PDF method.




Fluid particle model family

On a given probability space (2, F,P), consider the fluid particle state vector
(X;, Uy, 1) satisfying

dX; =U,dt
du, = [IVX@@)(L X)) —G(t,X,) (U, —(%)(1,X,)) | dt

o
+VC(1,X,)e(t, X, )dW,,
dipy =D\ (1, Xy, 0, )dt + Da(t, Xy, 1) dW,.

(W, ﬁ/) is a 4D-Brownian motion.

One needs to
» compute the Eulerian fields (% (1, x), (% D% V) (t,x) and their derivatives
» compute ¢, C, G, Dy, D, imposed by the chosen the RANS closure
» compute V. {(Z?)
» introduce boundary condition




Compute the Reynolds averages (") and (%W V)

Let p.(1; x, V, 1) be the probability density function of (X;, Uy, 1;).

Eulerian PDF versus Lagrangian PDF :
(Case of incompressible flow with constant mass density)

pL(t; X, Va ¢)
[ ovteix v wpavas
R4

pE(t>x; V, ¢) =

For any bounded measurable function F(v),

(F(%))(t,x) =E (F(U;) /X, = x).
In particular,

pL(t;x, V. ¢)

dvdp = E (U,(i) /X, = x) .

7/() t,X) /
Rt /thwadwa




Associated Fokker Planck Equation
(PDF description of fluid)

P ((Xta Uta th) € dXdVd(b) = PL(t§ XV, ¢)dXdVd¢

Opr + (v- Vepr) = = (V(P)(1,%) - Vipr)

!

o
V(G 13) V) + 2 ClE el ) D
— 04D 1,5, 0)pn) + 503 (D1, 6)01)

» Integrating w.r.t. dvd¢ gives the equation for the conservation of mass,
,Q(LX) - f PL(ﬁ X, V, (b)dVd(b

[ vprdvdg

&/pLdvdqé + V- <—f ordvdd

pLdvd¢>) =0<= 0o+ Vi (o{%)) =0.

» Integrating w.r.t. vdvd¢ gives the RANS equation.
» Integrating w.r.t. w'dvd¢ gives the Reynolds stress closure, according
to C, G, D', D?




Outline

» Wellposedness

> Algorithms and numerical analysis

> Application : computation of wind circulation around mills




The SDE versus PDE problem

For any arbitrary finite T > 0, we are interested in ((X;, U;); 0 <t < T), solving

t
K=tos [ s [ pptexva
! JRE iff (t,x,v)dv #0
— <. . — I R4 P\, X,
U, Uol—&—/o B[Xy; pslds + oW, Blx; p] / (1, x, v)dv
p(t,x,v) is the probability density 0 otﬂﬁerwise

of (X, U,) for all t € (0, T],

(W,,t > 0) is a standard R?-Brownian motion ; the diffusion o > 0 is a constant;

2
Ohp+ (- Vap) + (Bl p] - Vup) = T-Lup =0 in (0,T) x D x R,

p(0,x,u) = po(x,u) on D x RY,

v Mean field limit of an interacting particles system (propagation of chaos) ;
v Conditional McKean-Vlasov Fokker-Planck equation.

> Add some boundary conditions.
> Add a mass constraint.




Well-posedness of a toy model

X, =Xo + [y Usds,
U, =Ug+ [y B[X,,Usi py] ds + [y o(s,X,,U,) dWy,
P((X;,U;) € dxdu) = p,(x,u)dxdu, t € [0,T],

If 5 : R* — R? is bounded, by the Girsanov theorem, any weak solution
(X, U,,t € [0,T]) has a strictly positive density (p;(x,u),t € [0,T]),

and E [b(u,U,)‘X, = x] = Blx,u; py].

Jia b

If/ (x,v)dv # 0,

when Blx,u;v] = f]Rd ~v(x,v) dv
0, elsewhere




Well-posedness of a toy model

Theorem [Bossy, Jabir, Talay 2011

The simplified Langevin model has a unique weak solution, under the following
hypotheses :
» o is bounded and strongly elliptic : for a := oo*, there exists A > 0 s.t. for all
t€(0,T], x, u, veRY,

2 d
% <> a ) (e x,upviy < A

ij=1

» Forall 1 <i,j<d, a is Hélder continuous in the following sense :
a € (0,1]

|a(iJ) (ta-xa u) - a(ilj) (S7y, V)|
< C(t—s2 +x—y—v(t — )"+ [u—v[*).

> b€ C,(R*,R?), and (Xo, Ug) s.t. Ep [||Xollge + [|[Uol|2] < +o0.




The smoothed system

Xe = Xo + fo’ UE ds,
Us = Up + [; B. [X2,US; pflds + [ os, X2, UZ) dW,
where Law(XE, Us) = pf (x,u)dx du

and where for all non—negative ~ in L!(R??),

Jgea b( <(x = y)v(y,v)dydv
fRM Y, v)dydv+e '

B [x,u;v] =

for a given regularization K. € C!(R¢) of the Dirac mass in R.

X; =X + [y Usds,
t E[b(v, U)K (x — X5)]

Us = U,
°+/0 E K. (x — X¢)|

x=X¢,v=U

+e
x=X&

s

t
“ds—i—/ o(s, X5, US) dW,
0

te€[0,T].




Interacting particles system

B.[x,u; p7] is approximated by

N
1 .
v O b0 0K (x = X7)
=1
BE [‘x7 u /"Lf} - ]1 N 9
IT/ZKE(X X{"E) + €
j=1

1 . . .
where ;1 = — Zj’il 5(X,:,57U,:,5) is the empirical measure of the following set of

N ‘
particles : given (W}, t > 0;i > 1), a family of d-dimensional Brownian motions,

i, i Ty i,
X© =X} +f0U5ds
b(UL, U)K (X" = X7)

t
dt + / o(s,Xbe ULE) dw!,
0

lE Ul /N
0 Z] IK(

The law of (X*¢,U"¢,i = 1,...,N) propagates Chaos when N tends to infinity.

— X)) +¢




The downscaling problem
Collaboration with IPSL

i France h
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Comparison WRF and SDM
on flat terrain ;

horizontal visualization of the «
compenent of the wind at the
altitude 400 m;

date : Ty plus 4 days .



Numerical framework

Our computational domain D
corresponds to a given set of cell of a
NWP solver.

Top and lateral (in red) :
mean-Dirichlet boundary condition

Vx € 0D, (U)(t,x) = Vexi(t,x)
where Ve is the WRF forcing.
Bottom boundary condition (in blue)

necessities to introduce a wall law
model.




The boundary condition in the PDF approach

Vx € 0D,

(% )(t,x) = Vext(t,x).

Jga voe(t, x,v)dv

———— = Vaxt(8,x).
Jga pe(t, x,v)dv (1, %)

/vpg(t,x,v,)dv:/ Vext (,x) pe(t, x, v)dv
Rd R¢

& / vpe(t,x,v, )dv = / vpe(t,x,v 4+ 2(Vext (2, x) — v))dv
R R

i)
pe(t,x,v,) = pe(t,x,v + 2(Vext (£, x) — v)), Vv € R?

leads to specular boundary condition with jump on 9D for py ...




The Stochastic Downscaling Method (SDM)

Let D be an open set of R?, and a velocity Vey given at 0D :

dXt = Utdt,

du, [—%V@)(r, X,)

— (3 +300) 20X, - @)1, x)) | ar

+/Coe(t, X,)dW,

+ Z Vext S, X Ur)]l{XAeé)D}-
0<s<t

The jump term should ensure that

(% )(t,x) = Vext(t,x),Vx € OD.




Well-posedness of the SLM with the no-permeability
boundary condition ({%)(t,x) - np(x)) =0

X, = Xo + [, U, ds,

Uy = Up + fo BIXs; p(s)lds +oWi— > 2(U,- - np(X,)) np (X)L (x,com)»
0<s<t
p(t) is the probability density of (X;, U,) for all t € (0, T},

Or=0,T)xDxR! and Xy =(0,T)x 0D x R4
Definition - Trace of the density along X7

~v(p) : ¥r — Ris the trace of (p(z); ¢ € [0, T]) along X7 if it is nonnegative and
satisfies, for all zin (0, 7], f in C° (Q,) :

/ (- np () ¥(p) (5, %, 0 (5, , 1) ds do o (x)

1

= [ 0000 0000 + [ (04190 +Blsp] 5 + G0 ) o0

D xRI

and, for dr ® dogp a.e. (t,x) in (0,T) x 9D,

/ (e - nop () () (8,3, ) e < o0, / (p) (1,3, ) du > 0.
Rd




Theorem [Bossy and Jabir 14, 15]

Under (H), there exists a unique solution in law to the SLM with jumps in
M(C([0,T); D) x D(]0, T]; R?)), and this law admits time marginal densities
pr =Po (x(2),u(r)) " in L?(w; D x RY), for all ¢ € [0, T}, that solves in V; (w; Qr)

2
Oupt, ) + - Vap(t,x,10) = T Luplt,x,u) = = (Bl p(8)] - Vaplt,x,u)) in O

p(0,x,u) = po(x,u) in D xR
v (p)(t.x,u) = 4" (p) (1,3, u — 2(u - np(x))np(x)) in B,

The trace ~(p) (in the sense of the previous definition) satisfies the
no-permeability boundary condition

Jra (- (x))7(p) (2, x,u) du

E{(U; - np(X))|X; = x} = Jra v(p) (2, x,u) du
RY s Ay

=0, dt®@dogp
-a.e.on (0,T) x 9D.

The associated smoothed N-particles system propagates chaos.




Hypotheses (H)

(Hrangevin) for the construction of the linear Langevin process
(Hmvre) for the well-posedness of the Vlasov-Fokker-Planck equation

> (Hiangevin)-(i) (Xo, Up) is distributed according to the initial law 1o having its
support in D x RY and such that [, o, (|x|* + |u[*) po(dx, du) < +oo.

» (Hiangevin)-(i7) The boundary oD is a compact C* submanifold of R.

» (Hwvep)-(i) b : RY — R is a bounded continuous function.

» (Hwvep)-(if) The initial law py has a density po in the weighted space
L*(w,D x RY) with w(u) := (1 + [u]*)> for some a > d + 3.

» (Hwvrp)-(iii) There exist two measurable functions P, Py : RT™ — R such
that

0 < Py(|u]) < po(x,u) < Po(|ul), a.e.on D x RY

and / 1+ u)w PO(|u|)du < +o0.




Incompressible stochastic Lagrangian model in the
torus

Goal : well-posedness for the following process in T¢ x R? :

t
X; = [Xo +/ U,ds] modulo 1
0

B ! VP(s, X;)
Ut = U() +/O' |:ﬁ(<US> — CYUS) — ml{p(37xs)>o}:| ds + O'Wt.
with
Law(X,) = p(t,x)dx, (U;) =E(U/|X;)
and

d
~ AP =Y (IE(U,‘U{|X, = x)p(t,x)) ., (tx) €Ry x T,




Incompressible stochastic Lagrangian model in the
torus

Lemma [in Bossy, Fontbona, Jabin and Jabir 2012]

Assume that the previous nonlinear SDE has a solution (X, U) such that

T T
E|U,|* < ooVt € [0, T], IE/ |U,|*ds < oo and / |VP(s,x)|dxds < co.
0 0 Td

Assume also that for all 1—periodic function ¢ : R — R of class C! we have
E(V(p(XO) . Uo) = 0. Then,

a) E(Ve(X,)-U,) =0forall r € [0,T],

b) the process (X;,t € [0,T]) is stationary.

Existence result for the Vlasov Fokker Planck equation ?




Local existence of analytical solutions

In Bossy Fontbona, Jabin and Jabir 2012

2
Of (t,x,u) + u - Vif (t,x,u) = %Auf(t,x, u) + Bdf(t,x,u) + Pu -V, f(t,x,u)

+ V. f(t,x,u) - (VP(t,x) — pa / vf(t,x,v) dv) =0 on(0,7] x T x RY,
R4
f(t=0)=f, onT¢ x RY,

AP(t,x) = ax,x,/ vivif (t,x,v)dv, on [0, T] x T¢,

Theorem (d=1)

Let A > 0 and s > d + 2 be an even integer. There exists r = ro(}, s) and
r ri(r, A, s) > 08t if fy : T¢ x RY — R of class C* and T > 0 satisfy :

> frafolx,u)du=1and V- [o, ufo(x,u)du = 0forall x € T,
> [[(1+ |u*): DDy || o0 < W for some n,m € N, all pair of
multiindexes k, € N and a constant Cy < xo(}, s), and
» T < 11(Co, A\, 5),
then, a squtlonf of cIass C1 o0 eX|sts




Outline

> Wellposedness

» Algorithms and numerical analysis

> Application : computation of wind circulation around mills




Numerical method : stochastic particle algorithm
The PIC method

The computational space is divided in cells

We use a FParticles in cell (PIC) technique to compute the Eulerian fields (mean
fields) (% (1, x), (% DY O (t,x) at the center of each cell :

—

We introduce N, particles (X", U;™) in

D.

Each cell C contains N, particles
by constant mass density constraint.

K(.,x) =1(.,C(x)).




The interacting particles system

Forj=1,...,N,

j,N, i,N,
dxy™ =uyvdt,

N 1 .
dUuOPN — _ggz> (t, X)) dr
0 0X;

+Dy(t, X]t.’Nl’)dt + By(t, Xft'JVp)th(i),j,Np
+jump terms for boundary condition, i< {1,2,3}.

e The coefficients Dy, By depend on the particles approximations of (%),
(%D V)Y, and their derivatives.

A 8(8<@> (t,x7"") ensures that V - (%) = 0 and maintains the mass density
0 OX;
constant. 2(qy (D) gy ()
VP = ACAC A




Algorithm

Fractional step method : nAr — (n+ 1)At  (Pope 85 revisited)

Step 1 : FornAr <t < (n+1)At, (XQZ‘;,U%{’N",J’ =1,...,N,), given

dX;V = UNdr,
=P 50
+Dg (1,X0™ )t + By (1, X1 ) aw,
“+jump terms, i< {1,2,3}

Step 2 : Correction of the particles positions )N(’%’:lvjl) A X’&ﬁvjl) Ar

that maintains the (discrete) uniform distribution, by solving a (discrete) optimal
transport problem. _ .

Step 3 : Correction of the particles velocity U7 ), — U 4,

such that V- (%) ,1)a, = 0, as in Chorin-Temam projection method :

9p — 0, on oD

onp

{ Ap =35V A ) iryan X €D,

N N N .
Uit nar = Uit ar — AVp(XLT ) a) @nd (X ) (o iyae = AW ) 1y an — DIV

(n+1)At (n+1)At




Convergence rate of the particle method for SLM

PhD Thesis of Laurent Violeau (Inria Tosca).
Cells of size ¢ for N particles in D.

(F(U)) (1, %) ZF( ) /NZK )

Z K(XEN Npe

Lemma (in Violeau thesis)
For any p > 1 sufficiently small and ¢ > 0, there exists C such that for all o > 0,

e >0and N > 1 satisfying, < ¢, we have

aeNP

1 n 1 n 1 n 1 )
agdN ~ edtIN (EdN),% %N/

B[ |80 7] - B [ < (= +

If we choose o = ¢, the optimal rate of convergence is achieved for N = ¢~ (@+2)p
and

B35 ) - Bl

] < CN~ @7,




Convergence rate of the particle method for SLM

t
X, =Xo+ / U,ds modulo 1,
0

t t
U =Uy— / VV(X,)ds + / B[X, Us; ps|ds +W,, forallz<T,
0 0

o, is the density of (X;, U,)

where B is the non linear conditional operator and V is a potential.
For the numerical test case :
-2 V) d
Blx,u;1] = Jps (v = 2u)(x v) dv. V(x,u) € 0,12 x R, v € L'([0,1]2 x R?)
Jra v(x,v) dv
V(x1,%) = 6 cos(27mx;) sin(27xy) — Bxy, Vx € [0, 1]%.

Note that in this case,




Convergence rate of the particle method for SLM

First rate of convergence result on the fluid particle algorithm for various cases

of conditional expectation estimators.
105
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The turbulent model in SDM

dXt = U[dt
du? = ~0,(2)(t,X)ds + (5, Gy (w0 = @) ) (1, X)dr + /Coz(1, X, ) B
Ut = (ut(i)vi = 17273)

Cre d(u) 2 P
Gi=——=0;+C Co==|Cr+Cr——1
ij i+ C2 axj 0 3 R+ 223 ,

where P is the turbulent production term
1
P=3 (Pu1 + Paa + Ps3)

computed with

Xk 8xk

o 9ta® NP, 132
Py=— (<u(z> u® >% (0 gy 2870 )

¢ is closed with a mixing lenght or a turbulent viscosity parametrization.




Wall-boundary condition

The vertical component is simply reflected at zumiror -

Win = —Wout
u'w

Uin = Uout — 2% Wout,
(w')
vw'

Vin = Vout — 2< > Wout-

W)

The covariances (u'w’) and (v'w') are fixed to

W'yt x,y) = (”) )
(W + ()

Ww'(t,x,y) = — (Mu*2> (t,x,y)
() + (v)?

V0205 yer ) + (90202 s 2)
log (z¢/z0)

with w. (1, xc,y:) = &

We also add elllptlc blendmg model.




Validation

collaboration with P. Drobinski, IPSL

Comparison with a LES method [Drobinski etal 2007].
Renormalized variances and covariances

9 = = o T 15 = = = = = -
e var(V) —e— L W
8 Vor(w)  — W ———
\ Var(U) LES —e— 1 ;l’A uw LES —a—
7 e Var(V) LES s W LES
k’ Ver(W) LES —=- \2 W LES —=
g g
= =&
E s E
@ @
R 5
s 5
] >
s 3 B
2
3.4
a = =t . 8
[+] 100 200 300 400 500 600 700 800 0 100 200 300 400 500 600 700 800

Ajtitude m Altitude m




Validation

collaboration with P. Drobinski, IPSL

comparison with RMC01L
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Outline
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» Application : computation of wind circulation around mills




Actuator disc methods in the Lagrangian setting

dXt :Utdt
du, = (—%vxth, X,)) dr

—G(1,X) (U, — U, X,))dz + C(1,X,)dW,
+1 (6, X, Uy) dt + fracelte (2, Xs, Up) dt + frnast (2, Xy, Uy) dt.

f(t,X,,U,) the body forces that the blades exert on the flow.

Supplementary terms fuaceie (t, X;, Us) @nd fnas (2, X, U;) represent the impact of
the mill nacelle and mast.




Turbine wake effects

+ Forces are computed using physical
parameters of the turbines {(Actuator Disc
Theory/Blade Element Method).

+ Wake praopagation is computed as part of the
main simulation.

+ Incorporates turbulence effects in the
wake,

« Different force models are available:

Uniformly loaded Rotating Actuator Line

Actuator Disc Actuator Disc




Forces

Non rotating, uniformly loaded
actuator disc model :

knowing the axial induction factor a
1 2a

2
.f)‘( = _EE|E[L{[/XZ S C] ‘ ex.

Rotating actuator disc :

L, X, Up) = —11{X,eC}47:\:ﬁ (Urelat(XnUt))z c(r(X)) (Cr(a) cos(¢) + Cp(a) sin(¢

ot X0, U) = 1) o (Unia (%0, U)) €(r(X0) (Cul)sin(6) — Co(a) cos()




Validation with wind tunnel measures

With actuator line model.
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blue : is SDM simulation
green : wind tunnel measurements [from Wu-Porte-Agel 2011]
red : comparison with Jensen model.




Validation with wind tunnel measures
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blue is SDM simulation
green is wind tunnel measurements [from Wu-Porte-Agel 2011]

Vorticity structure
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Wind farm evaluation

Wind power distributions
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